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Abstract 

Recently established rationality of correlation functions in a globally conformal invari- 
ant quantum field theory satisfying Wightman axioms is used to construct a family of 
soluble models in 4-dimensional Minkowski space-time. We consider in detail a model of 
a neutral scalar field <p of dimension 2 . It depends on a positive real parameter c, an 
analogue of the Virasoro central charge, and admits for all (finite) c an infinite number 
of conserved symmetric tensor currents. The operator product algebra of <j) is shown to 
coincide with a simpler one, generated by a bilocal scalar field V {x\, 22) of dimension 
(1, 1) . The modes of V together with the unit operator span an infinite dimensional Lie 
algebra £y whose vacuum (i.e. zero energy lowest weight) representations only depend 
on the central charge c . Wightman positivity (i.e. unitarity of the representations of £y ) 
is proven to be equivalent to c G N . 
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1 Introduction 



The task of constructing a conformally invariant quantum field theory model - using dressed 
vertices and (global) operator product expansions (OPE) - has been set forth over 30 years 
ago® H § § I i i i i 1 H i @ 0;fora review of this early 



work and further references - see After a relative quiet (during which only some sporadic 

applications of the formalism appeared - see e.g. [0) the subject has been gradually revived (see 
|T5| |2^fl JT2] [TO] ] among others) in the wake of the 2-dimensional (2D) conformal 



field theory (CFT) revolution (now the subject of textbooks- see e.g. || where a bibliography 
of original work can be found). It gathered new momentum with the discovery of the AdS-CFT 
correspondence and the associated intensified study of the A^ = 4 supersymmetric Yang-Mills 
theory (for a sample of recent papers and further references - see [|TJ M). 

The present work is chiefly motivated by the concept of a rational conformal field theory 



(RCFT). Albeit this notion arose in the framework of 2D CFT, recent work ]23| suggests that 
it may be relevant to any number of space-time dimensions. We consider in detail the simplest 
example beyond free fields, given in , the case of a model of a neutral scalar field of dimension 
2 . More complicated (and potentially more interesting) cases involving fields of dimension 3 
and 4 are only briefly discussed. 

We start by recalling the relevant results of which allow us to derive the general expres- 
sions for the 4-point Wightman functions. 

Adding to the Wightman axioms a condition of global conformal invariance (GCI) of local 
observables (i.e. invariance of correlation functions under a single-valued action of the 4- 
fold cover G = SU (2, 2) of the conformal group whenever x and gx (g G G) both belong to 
Minkowski space) we deduce the Huygens' principle: local fields 4>(x) , ip (y) commute whenever 
the difference x — y is non-isotropic; moreover, 

[(x-yff [<f>(x) ,i>(y)} = for N » 1 (1.1) 

(see Theorem 4.1 and Proposition 4.3, where the precise bound for A" is given). This 
result is based on the fact that a space-like separated pair of points in Minkowski space can be 
mapped by a proper conformal transformation into a time-like one. (Thus, GCI is a stronger 
requirement than invariance of Schwinger functions under the euclidean conformal group.) The 
Huygens' principle implies (together with energy positivity) that the Wightman distributions 
are rational functions of the form 

W(x h ...,x n ) (= (1, ... ra» = P( Xl ,...,x n ) J] { P] kV Hk , (1.2) 

1 < j < k < n 

where P is a polynomial (in general, tensor valued), 

x jk = Xj - x k , p jk = Xjl + i0x° jk (x 2 = x 2 - xQ , /ijk e Z+ (1.3) 

( ||23|| Theorem 3.1; the i0x® k is only essential when pjk occurs in denominators and prescribes 
the contour integration for Wightman distributions that reflects energy positivity - see ||33]|). 



Hilbert space positivity is taken into account using OPE and the classification of positive energy 
unitary irreducible representations of G ( |18| ) . 

Expanding the discussion of Sec. 5 of |2B| we shall derive the general form of the truncated 
4-point function W4 (d) of a neutral scalar field of integer dimension d satisfying GCI (see 
Eq. O below). 
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Combining Proposition 5.3 and Corollary 4.4 of [231 we can write 



Wl(d) = W*(aci, x 4 ; d) 



V d (p 



(Pl3 P24 



,d-2 



(Pl2 P23 P34 Pl4 



Vd(vu V2) = 



1 J 
c ij Vl V2 5 



i,j>0 
i+j < 2d-3 



where T]i are the conformally invariant cross ratios 

P12 P34 P14 P23 



Vi 



Pl3 P24 



V2 



Pl3 P24 



1.5) 



For Xjl ^ we can ignore the iOx® k term in the definition of pjk ( |1.3| ). The Huygens' principle 
(strong locality) then implies symmetry under the permutation group S4 . Its normal subgroup 
Z 2 x Z 2 (with non-trivial elements s 12 s 34 , s u s 23 , Si 3 s 24 , where Sjj is a substitution exchanging 
z and j) acts trivially on 771 and r\ 2 . Hence, it suffices to impose invariance under the 6-element 
factor group £4 / Z 2 x Z 2 = S3 generated by 



S12 : V d (Vi, V2) 
S23 : Vd(Vi, V2) 



v¥~ 3 V d [ —,— 



Vi 1 

V2 V2 



Vi 



2 "- 3 v d ( -. * 



771 771 



P«i(»7i, ^2) 



1.6) 



(which also involves s 13 = s 12 s 23 s 12 = s 23 s 12 s 23 implying "P d (772, r?i) = P d (?7i, ^2) )• This 



leaves us with the following^] 



for % < j < 



■j 1 



independent coefficients: 
3-i 

Q,2d-3-i-j = C 2 d-3-i-j,i — Cj,2d-Z-i-j = C 2 d-3- 



2d 



;i-7) 



The present paper is chiefly devoted to the case d = 2 , that is the minimal d for which a 
non-zero truncated 4-point function W 4 (d) exists. We shall set in this caseQ 



(12) = -± (12)' , (123) = c 3 (12) (23) (13) , 
Wl (d = 2) = c 4 (12) (23) (34) (14) (1 + 771 + V2) 
(ij) = {^Pi.Y 1 ■ 



Parameters like 



(12) (23) (13) 
((123)) 2 



c 4 



1.9) 



are invariant under rescaling of (j) ■ It will be proven in Sec. 2 that if there is a single field 
((f)) of dimension 2 then these constants are equal. Moreover, their common value c ( = d ) 
also determines the normalization of the 2-point function of the stress-energy tensor and thus 



1 [a] stands for the integer part of a ( 
= 1, 2, 2, 3 for d = 1, 2, 3, 4). 



1, 3, 5, 8, ford = 2, 3, 4, 5, 



Ud+l) 2 ] 




"d 2 l 


3 




3 J 



[1 + 



The 4-point Wightman function obtained from (1.8) coincides with the one given by Proposition 5.3 and 



Eq. (5.16) of J23j for iV 2 



_£2 

32 7T 4 ' 



Co 



(2*0 



C21 

3 



0. 



appears as a generalization of the Virasoro central charge. We will then restrict our attention 
to the case of a single field corresponding to c 2 = C3 = C4 = c . 
Similarly, the general truncated 4-point function for d = 3 is 

Wt (3) = Pl3P24 ~ 2 \c (1 + Vl + Vl) + ci [fa + V2) (1 + ifc ife) + + % 2 ] + 



= coi for i = 0, 1 , and 6 = en ) . (1-10) 

The requirement that no d = 2 (scalar) field is present in the OPE of two 0's in this case gives 
c\ = —c (7^ , should one demand the presence of a stress energy tensor in the OPE). 

The case d = 4 appears to be particularly interesting and will be briefly discussed in the 
concluding Sec. 6. 

The paper is organized as follows. 

In Sec. 2 we write down the OPE of two 0's in terms of a bilocal scalar field V (x±, X2) of 
dimension (1, 1) which satisfies - in each argument - the (free) d'Alembert equation. Using 
this result we sketch a proof of the statement that V belongs to the OPE algebra generated 
by , a property only valid in four space-time dimensions. The free field equations for V 
then imply that the truncated n-point function of is expressed as a sum of 1-loop diagrams 
with propagators (ij) and a common factor c n for all n > 4 . The uniqueness of the field of 
dimension 2 is proven to correspond to c n = ca n . 

In Sec. 3 we establish the existence of an infinite set of conservation laws: the term with 
light cone singularity (12) (34) is reproduced by the contribution of an infinite number of (even 
rank) conserved symmetric traceless tensor currents 

T 2l (x, C) = T m ..., 2; (x) C w - • • C m , O c T 2l (x, C) = = T 2l (x, C) , (1.11) 

to the OPE of two 0's (including the I = term T (x) = 4>{x) ). For expressed as a linear 
combination of normal products of free fields 



1 N 

4>{x) = - ^c^Or): , (01^(^)^(^)10) = ^(12) (1.12) 
i = i 

the stress-energy tensor is also given by the sum of free field expressions: 

N r 1 1 1 

T2 (x, C) = ■ { (C'^i (*)) 2 - 2 C 2 QyfPi P<Pi + g [C 2 □ - (C-df] (x) : • (1.13) 

The case of equal c n = c (n = 2,3...)- i.e. of a unique 0- corresponds to «j = 1 (for i 
= 1 ... , N ) and c = N . The truncated n-point functions of T 2 (x, C) remain proportional to 
its free massless scalar field expression for all c > . Thus, the parameter c indeed plays the 
role of a 4-dimensional extension of the Virasoro central charge. 

In Sec. 4 we study the mode expansion of the bilocal field V which naturally appears in the 
so called analytic compact picture. We exhibit an infinite dimensional Lie algebra £y spanned 
by the modes V nm (zi, z 2 ) of V and by the unit operator. 

In Sec. 5 we prove that the unitary positive energy representations of £y correspond to 
positive integer c (Theorem 5.1). Combining this theorem with Propositions 2.2 and 2.3 we 
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derive the same result for the original field algebra of the d = 2 scalar field . This implies 



that belongs to the Borchers' class of a system of free fields []5| (see |3B| for a text-book 
introduction to this concept). 

Sec. 6 is devoted to a discussion of the results. We indicate on the way how the methods of 
this paper apply to fields of dimension 3 and 4 , and end up with the formulation of two open 
problems. 



2 One loop n— point functions. OPE in terms of a bilocal 
field 

We begin by rewriting the expression for the general 4-point function of a neutral scalar field 
(x) of dimension 2 satisfying GCI in a form that suggests its generalization to the n-point 
function. According to (|1.8| ) we have 



(1234) = (12) (34) + (13) (24) + (14) (23) + W| , ( (ij) = | (ijf ) , (2.1) 

where the truncated 4-point Wightman function can be written as a sum of contributions of 
three box diagrams: 

Wl = c 4 {(12) (34) (23) (14) + (12) (34) (13) (24) + (13) (24) (14) (23) } . (2.2) 

This expression is reproduced by an OPE for the product of two 0's that can be written 
compactly in terms of bilocal fields: 



(0| (x x ) {x 2 ) = <0||(12) + (12)V r (x 1 ,x 2 ) + : (x x ) (x 2 ) : j , V(x u x 2 ) = V(x 2 ,x 1 ), 

(2.3) 

where the three terms are mutually orthogonal 

(0| V fa, x 2 ) | 0) = = (0| : (x 2 ) : | 0) = (0| V (x x , x 2 ) : (x 3 ) (x 4 ) : | 0) , 

(2.4) 

and satisfy 

(0| V (xi, x 2 ) V (x 3 , x 4 ) | 0) = c 4 {(13) (24) + (14) (23)} , 

(0| V (x u x 2 ) (x 3 ) | 0) = c 3 (13) (23) , (2.5) 
(0| :0(x 1 )0(x 2 ):0(x 3 )0(x 4 ) | 0) = (13) (24) + (14) (23) + c 4 (13) (23) (14) (24) . (2.6) 

(In general, a field V (xi, x 2 ) is said to be bilocal if [V (xi, x 2 ) , V (x 3 , x 4 )] = for Xj space- 
like to Xj , % = 1, 2 , j = 3, 4 and if it commutes with all local fields (x 3 ) of the theory for 
space-like i = 1, 2 .) 

A priori, the algebra of V and : (xi) (x 2 ) : may be larger than the OPE algebra of . It 
is a non-trivial result, valid only in 4-dimensions, that the (symmetric) bilocal fields V (x±, x 2 ) 
and :0 (xi) (x 2 ) : can actually be determined separately from the expansion (|2.3j ). 



Proposition 2.1 If V (xi, x 2 ) is a bilocal field obeying ( |2.5|) then it satisfies in each argu- 
ment the d'Alembert equation: 

Q 2 

x 2 ) = = D 2 V(x 1 , x 2 ) , Df = , z = l,2, (2.7) 
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provided the metric in the state space is positive definite. 



Proof. The vector valued distribution n { V (x\, x 2 ) |0) , i — 1, 2 , vanishes, due to Wightman 
positivity since the norm squares of the corresponding smeared vectors are expressed in terms 
of the 4-point function in the first equation ( |2.5| ). The vanishing of DjV then follows from local 
commutativity by virtue of the Reeh-Schlieder theorem. (The argument is essentially the same 
as the proof of the statement that the vacuum is a separating vector for local fields- see [33] 
Sec. 4.) □ 



Proposition 2.2 The bilocal field 

W{x!,x 2 ) := 4tt 2 x 1 2 , {(j){x 1 )(j){x 2 ) - (12)} = V {x u x 2 ) + 47r 2 x 1 2 , :0 (x x ) </> (x 2 ) : (2.8) 

allows to determine the Taylor coefficients in x% at x% = x 2 of the two terms in the right hand 
side separately. 

Sketch of proof ^ The (pseudo)harmonicity of V (|2.7|) implies 



(yd 1 ) n W(x 1 ,x) 



X\=X 



(yd^V (xi, x) 



X\=X 



+ y 2 n{n-l)A'K 2 :[{yd x ) n - 2 ^{x)\^{x) 



x) 



In view of (£7|) U y {ydxf V {x x , 

harmonic part of the left hand side o 
determined by W (x + y, x) .□ 



X\=X 



0; thus (ydi) n V (xi, x) 



X\=X 



x) \ 0(x): . 

(2.9) 

appears as the 



9|) viewed as a polynomial in y and hence is uniquely 



It is clear from ( |2.5| ) that V (xi, x 2 ) is nonsingular for coinciding arguments. We can thus 
define a second local field 

<P 2 {x) = lv(x,x), (2.10) 
of dimension 2 ; it can be a multiple of <fi (x) only if the ratios (|1.9| ) coincide. Indeed, it follows 



from (ELD and flU) that 



<P(x 1 )<P(x 2 )\0) = (l2) , (O|0 2 (*i)0(^)|O> = - (12) , (O|0 2 (a; 1 )0 2 (x 2 )|O) = ^ (12) ; 

c 2 c 2 



thus 



^2 (x) = X(f> (x) ( = —<f) (x) ) implies c 2 C4 = c\. 

c 2 



(2.11) 



The preceding discussion admits an extension to the n-point truncated function. If we set, 
generalizing (|2.2j). 



W* x n ) 



^2 ( la 2) 0^3 • • • o~?o n (la n ) 



a £ Perm{2 ... n} 

[o~iCTj) for o~i < o~j 
[pjOi) for j < ai ' 



n = 2, 3, 4, ... . 



(2.12) 



then the field <p {x) of dimension 2 is unique if c n = ca n for some a > , n = 2, 3, 



3 Complete proofs of Propositions 2.2 and 2.3 will be published elsewhere. 
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If we define V\ as a linear combination of normal products of free (massless) fields, 



A' 



Vi (x lt x 2 ) = ^ a,i -.Lfi (xi) Lfi (x 2 ) : 



(2.13) 



i = l 



and set (x) = 0i (%) — o ^i ( x ' a; ) > t nen we can reproduce (J2.12[) with 



N 



(2.14) 



i = l 



Furthermore, we can introduce inductively a series of bilocal and local fields V n (xi, x 2 ) and 
4> n (x) of dimension (1,1) and 2 setting 



V n (xi, x 2 ) 



lim <! 4 7r 2 a;q4 

X 3 4->0 1 

N 



Vx {xi, x 3 ) K-i (x 2 , x 4 ) - c n ( (12) (34) + (14) (32) ) 



^2 a i '■ Vi M ^ (a? 2 ) : , 0n {x) = - V n (x, x) 



(2.15) 



Note that the limit ( [2.15 ) is independent of the point x% — X4 and that the field V appearing 
in the OPE ( |2.3| ) coincides with V% . 

The dimension of the space of different d = 2 fields <pk (x) is equal to the number of different 
values of in ( 2.13|) . To see this we note that the Gram determinant of inner products 



1 - 



(2.16) 



i = i 



is a multiple of nf= 1 a? J^i < j < k < n ( a j ~ a *Y ■ 

Remark 2.1 Fields of type (|2.13|) have been studied in a different context (for bounded 2- 
dimensional fields) in p| [13 where also infinite sums are admitted. We restrict our discussion 
to finite iV since only in this case a stress energy tensor exists- and is given by ( |1.13|) . 

From now on we shall restrict our discussion to the simplest case of a single field (f) of 
dimension 2 and set 

c for 71= 2, 3, 4, ... (2.17) 



5 j-, 



(absorbing the possible factor a n in the normalization of <fi ) . 

The general form (|2.12j ) of the truncated n-point function can in fact, be deduced. 

Proposition 2.3 Let <p(x) be a GCI Wightman field of dimension 2 whose truncated n- 
point function is given by Q2.12j ) with c n = c for n < 4 . Then the limit 

V (x u x 2 ) = lim (2 vr) 4 p 13 p 23 { <\> {xi) <\> (x 2 ) <\> (x 3 ) - (13) (x 2 ) - (23) <\> (m) - (123)) 



P13 

P23 -* 



(2.18) 



exists, does not depend on X3 , and defines a harmonic in each argument bilocal field V (x\, x 2 ) . 
Furthermore, the truncated n-point functions of will be given by Q2.12p for all n . 



Sketch of proof. Equation (|2.2| ) and the conservation of the stress-energy tensor (see Sec. 
3) imply that ( |2.12| ) is valid for n < 6. The 1-loop expression for the 6-point function allows 



to derive ( |2.18|) . The expression for the correlation function (|2.5|) of two V's satisfies the 



d'Alembert equation in each argument. By virtue of Proposition 2.1 the operator field V obeys 
this equation in its entire domain. Eq. ( |2.12|) for n < 6 implies an expansion of the form 

cj>{x 1 )(j ) {x 2 )ct>{x z )\Q) = (123)|0) + 

+ ^ \ (jk) (xi) + ij ik V (xj, x k ) + (jk) : V (x j: x k ) (xi) : \ |0) + 



i= 1, 2, 3 



+ :<P{x 1 )<f){x 2 )<P{x 3 ): |0) (2.19) 
((i, j, k) form permutations of 1, 2, 3). The result then follows. □ 

Remark 2.2 If we drop the requirement of Wightman positivity - which implies the validity 
of the stress-energy tensor conservation as an operator equation - then the general form of the 
truncated 5-point function would be 

W£{x u x 5 ) = AW 5 * (2.12)+4tt 2 c (1 - A) ^ Pij ]Q Fk kj , AeM. (2.20) 

l<i<j<5 j^tk^j 

1 < fe < 5 

We note that the 1-dimensional time-like restriction (t, 0) of (x) satisfies all properties of 
the chiral stress energy tensor in a 2D CFT. It follows that all restricted truncated functions 
should have the form (|2.12|) . This is satisfied by ( |2.20|) (for our choice of constants) because of 
a non-trivial identity between the two terms in the 1-dimensional case. 

Corollary 2.4 Under the assumptions of Proposition 2.3 one can prove (using also Proposi- 
tion 2.2) that the field algebra of 4>(x) coincides with the algebra of the bilocal field V (xi, x 2 ) ■ 



Demanding that the truncated n-point function of for n > 3 is strictly less singular in 
Xij than its 2-point function we have taken into account a necessary condition for Wightman 
positivity. We shall prove a necessary and sufficient condition for positivity in Sec. 5. 

Remark 2.3 If we rescale the field by a factor and let c — ► oo we recover the case of a 
generalized free field of dimension 2 : 

if (x) = —j=4> (x) then 



lim (0 



(Xi) (X 2 ) (X 3 ) (X 4 ) 







;i2> 1 <34> 1 + (13> 1 (24> 1 + (14> 1 <23> 1 , (2.21) 



where {ij)] 



3 Expansion of V (x\, x^) in local fields. Infinite set of 
conserved tensor currents 

We shall now demonstrate that our model possesses an infinite number of conserved local tensor 
currents. More precisely, the bilocal field V (xi, x 2 ) can be expanded in a series of even rank, 
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conserved symmetric traceless tensor fields T 2 i (x, Q ( |1 . 1 1|) (of twist = dimension — rank = 2 ): 

oo 

V(x u x 2 ) = 2 J2 C l K l (x 12 -d 2 , Pl2 U 2 )T 2l {x 2 , x 12 ) , (3.1) 

1 = 

reproducing the 4-point function ( |2.5|) . Here 

C2/ + 1V r 00 (~ q(1 ~ q) 

K x (s, t) = [ /' / da a 1 (1 - a) 1 e as V V , ; , 4 f - , (K t (0, 0) = 1) , 

(/!)2 y ^ ^ Z., n\ (2l + l) n } 

(3.2) 

c?2 is the derivative in x 2 for fixed X\ 2 , CI2 is the corresponding d'Alembert operator, (u) = 
F p"y- > ; it is chosen to transform the 2-point function (0| T 2 i (x 2 , ( 2 ) T 2 i (x 3 , £ 3 ) | 0) into a 3-point 
function: 

P> n \ ( x i2-r(x 23 )-Cf (X-Cf 
Ki (x 12 -d 2 , pi2 n 2 ) 2I+2 = ' ( 3 - 3 ) 

P23 ^13 P23 

where 

e.r(x 23 R = (C-X23) ; X ;=X 3 2 ;= ( X 2 = ) . 

P23 Pl3 P23 Pl3 P23 

(3.4) 

In verifying ( |3.3| ) (see [PH| ) one applies the relation 

f°y\ n (y<) m (u) n (y-m-l) n , „ m . a2 



^ s/ = 12* ( v .C) m for C = 

(used for y = x 23 + ax\ 2 ). In order to compute individual contribution of T 2i to the 4-point 
function of 4> we need the 3-point function 

(010(^)0 (x 2 )T 2l (x 3 ,()\0) = N t Ci (12)(X 2 ) m (C 2 ) Z C 2 \(x-c) , X := , 

(3.5) 

where Ni > , C\ {£) is the Gegenbauer polynomial satisfying 

( 1_ * 2 ) cS ~ 32 ^ + n ^ + 2 )} = ' = n + 1 • (3-6) 

Writing the normalization constant in ( |3.5| ) as a product, N1C1 , we exploit the fact that the 
3-point function vanishes whenever the structure constant C\ = . 

Remark 3.1 The homogeneous polynomial H 2 i(x, C) = {x 2 ( 2 ) 1 C^^x-Qj is the harmonic 
extension of the monomial (2x-() 21 defined on the light cone £ 2 = (cf. M): 

x { (1 - z 2 ) ^ Ci (z) - 3z A (z) + 4/ (i + 1) C\ x (z) } = 
(for* = x-C) , fl2i(ar,C) 2 = (2*<f ■ (3.7) 
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Similarly, the 2-point function (0| T 2 i (xi, Ci) T 2 \ (x 2 , C2 ) | ) is proportional to p 12 21 2 (CiC 2 ) 1 

^(a-c 2 -2 (? ^ l ; ) i f ai2) ). 



Inserting (|2.3|) in the 4-point function (|2.1| ) ( [2.2|) and using Q2.5|) and the expansion ( pTT 
for V (x 3 , x 4 ) we find 

(0\(j>(x 1 ) <p(x 2 )V(x 3 , x 4 )\0) = c (12) ((13) (24) + (14) (23)) = 

00 

= 2 J2 C i R i ^34-<9 4 , P34 n 4 ) (0| (an) (x 2 ) T 2l (x 4 , x 34 )| 0) = 
1 = 

1 / a(l-a) ,-. x ™ 

(4* + 1)1 ^ I — A** * 



4(12) Y NtC? (4 ft,, / d«« 2Z (l-a) 
\ / Z- , ' ' 2Z J 2 J K J n\ 2Z + 1 r 

P34 (^y) + Ca(^2/"^34j , 



X 



X 

x\ — y x 2 — y 
X y = , t/ = i 4 +ai 3 4, 

Ply P2y 

Piy = Pa (1 - a) + ap i3 - a (1 - a) p 34 , i = 1, 2 . (3.8) 

It will be convenient for what follows to substitute the second conformally invariant cross 
ratio r/2 ([Op by the difference e = 1 — i] 2 which tends to zero for x 34 — > (or a; 12 — > ): 

e = 1 - r/ 2 (= 0(x 34 ) = 0(x 12 )) . (3.9) 



Proposition 3.1 For 



NiCf 



(3.10) 



t/ie contribution of V (x 3 , x 4 ) to £/ie 4-point function ( p.l|) reproduced by the superposition 
of 3-point functions of the twist 2 fields T 2 i 



V(x u x 2 )V(x 3 , x 4 )|0) 
(13) (24) 



c 1 + 



1 



1 

00 „ 
2cJ](4/ + l) J 



ea (I — a) 
1 — e a 



2/ 



da 
1 — e a 



(3.11) 



The proof of this statement is given in Appendix A. 

The Ward-Takahashi identity for the time-ordered 3-point function of the stress-energy 
tensor allows to compute the normalization N\C\ of the Wightman function 

(0\cj ) (x 1 )cj ) (x 2 )T 2 (x 3 , C) i 0> = M A 2 (X 2 C 2 - 4(A-C) 2 ) , i.e. iV x G x 



3tt 2 v a v " ' 1 A 1 3tt 2 

(3.12) 
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Comparing with (|3.10|) we find that both Ni and C\ are transcendental, only the combination 
NiCf being rational: 



c, 



2 ' 



3tt 4 



1 

6 



(3.13) 



Remark 3.2 It is instructive to note that the contribution of each T 2 i to the ratio ( |3.11| ) 
(given by the Zth term in the right hand side) involves a logarithmic function in 1 — e (see 
Appendix A) while the infinite sum is a rational function of e . 



4 The infinite dimensional Lie algebra of field modes 
and its bilocal realization 

The conformal compactification M = § 3 xS 1 / Z 2 of Minkowski space M = M 3 ' 1 gives rise to a 
natural notion of conformal energy, the generator of (isometric) rotation of the time-like circle 
S 1 , and of an associated discrete basis of field modes. We shall parametrize M following (pjfl) 
in terms of complex coordinates z = (z a , a = 1, 2, 3, 4) fixed by the involution z *—>■ z* 



* z 



M = \ z = {z a G C, a = 1, 4) ; < := |f = z a {z 2 = ]T z\ =: z 2 + z\ 



(4.1) 

This condition implies the property 

z 2- 2 = 1 ^ ^aZb = _^ = ^_ e R for ^ £ ]\J (4.2) 

z 2 

which, in turn, characterizes this parametrization of M . We choose the embedding map M C M 

as 

1 — x 2 1 -\-x 2 

M 3 (x°, x) h-> z = cj _1 (x) x , 24 = — , u(x) = ix° . (4.3) 

2uj(x) 2 



Clearly, z defined by (|4.3|) satisfies ( |4.2| ); in particular, 

9 tu(x) (1+ix ) 2 + x 2 1 1 9, — . 

~ 2 - — = ± L = M = z .z = 1 for z G M) . 4.4 

a; (a;) (1-ji°) 2 + x 2 ^ 2 ' 



In order to write down the inverse transformation it is convenient to present z in terms of a 
complex quaternion (or, equivalently, an element of U (2)- see p8| ): 

qz = Zi + zq , qiqj = e ijk q k - <% (i.e. gi g 2 = - qi qi = q3 , etc.) . (4.5) 

The cone at infinity, — M\M , consists of the quaternions qz G M for which 1 + gz is not 
invert ible 

qz E iff 2^ := (1 + gz) (l + g + z) = (1 + z 4 ) 2 + z 2 = (g + z = z 4 -qz). 

(4.6) 
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For qz ^ we can set 



• ~ qz - I . z z -l 2 z 

ix := ix + qx = — or ix = uj z —— , x = u z z = — -= . (4.7) 

qz + i 2 (i +z ^y + 7 2 

We shall use the fact that the flat metric on M is related to the Poincare invariant metric on 
M by the complex conformal factor u (|4.3|) 

dz 2 = dz 2 + dz 2 = uj- 2 (x) dx 2 (dx 2 = dx 2 - dx 2 ) . (4.8) 

To a scalar field 4>m {x) of dimension d in Minkowski space we make correspond an analytic 
z-picture field 4> (z) defined by: 

4>{z) = {2ix) d ui d z ^ M {x{z)) (w, = - % - = u(x(z))) (4.9) 

(l + z 4 ) +z 2 

for x (z) given by ([4.7[). The term analytic is justified by the fact that energy positivity implies 
analyticity of the vector valued function <p(z)\0) for \z\ 2 < 1. Indeed, the future tube T + 
= {( E ; Im£° > |lm£ | } , the analyticity domain of 4>m (C)l 0) (see J53|), is mapped into a 
complex neighbourhood T+ of the 4-dimensional unit ball B 4 ; more precisely, we have 

B 4 = { i E M 4 ; C 2 := i 2 + ^ < 1 } , 

xS 1 /Z 2 = {z = ^e iT ; £ E B 4 , r G M} C T+ . (4.10) 



si • 



Note that M appears as the boundary of the 5-dimensional manifold B 4 x S 1 / Z 2 : 

z EM iff z = e iT z 1 tER, z E § 3 = { z E R 4 ; 2 2 = 1 } . (4.11) 

The conformal Hamiltonian H is, in this picture, nothing but the (hermitian) generator of 
translation in r : 



e iHt 6(z) e~ tHt = ~ m 



d 



<P(e u z) or [H,<t>(z)} = ^d+ Za —J <f>{z) , H\ 0) = . 

(4.12) 

The decomposition of <fi into eigenmodes of if reads 

^(z) = J2 0n(z) , = n</> n (z) . (4.13) 

The modes <fi n (z) can be written as power series in 2 a and-^ that are homogeneous in z of 
degree —n — d . 

For a free field <p (z) of dimension d — 1 the modes <£?-(-„ are homogeneous harmonic poly- 
nomials spanning a space of dimension n 2 (as a space of SO (4) symmetric traceless tensors of 

rank n — 1 : f 71 ^ 2 ^ - ^ = n 2 ); in particular, cp (z) = , cp^z) = , <p_iOz) = a -i , ^2(2) 
^ , V9_ 2 (-2) = a^ 2 ^ e ^c. They are subject to the canonical commutation relations |36f 



n-l 
(W 2 )~ 

>„(«) , <Pm(w) ] = -E+T C\n\-1 (Z-W) 6 (n) 5„ _ m , = VZ 2 ?) 

(z 2 ) 2 

1 for n > 

e(n) = <( for n = . (4.14) 
—1 for n < 

12 



(Here one uses the fact that the 2-point function (0| ip (z) ip (w) \ 0) = -j—^z appears as a gen- 
erating function for the Gegenbauer polynomials defined in ( |3.6|) .) 

One can expand the bilocal field V in modes V = Yl Vnm , which behave as products of 



V?-modes: 



n, m 



A z V nm (z, w) = = A w V nm (z, w) , 



z~ +n + l^j V nm (z, w) = = +m + l^j V nm (z, w) . (4.15) 

(The homogeneity condition only agrees with the Laplace equation if we set V 0m = = V n0 .) 
The modes of the d = 2 field are most conveniently expressed as infinite sums of V-modes: 

2(p n (z) = ^ v v,n-v{z, z) (V mn (z, z) = V nm (z, z)) (4.16) 

The components V u>n - U (z, z) of <p n {z) (unlike those of (p n (z)) span an infinite dimensional 
space. This is a common feature for scalar fields of dimension d > 1 (more generally, for 
elementary conformal fields of weight (ji, j 2 ; d) with d > ji +J2 +2 , in the notation of 



and ||23|| , which, as a result, cannot obey a free field equation). It is all the more remarkable 
that the state space for a given energy n is always finite dimensional. This is a consequence 
of the analyticity of the vector valued function V nm (z, w)\0) for z, w G T + . Indeed, it then 
follows from flrfq ) and ( p^) that 

V nm (z, w)\0) = if n>0 or m>0. (4.17) 



Consequently, only (n — 1) terms of the infinite sum ( |4.16| ) contribute to the vector 0_ n (z) |0) : 



2 0_ n (z)|O) = ^ \ V-v,v-n{z, Z)|0). 
v = 1 

In order to display the identity of the vacuum state spaces of and V , guaranteed by 
Corollary 2.4 we need to include the composite twist 2 fields T 2 i (z, () in the operator algebra 
of . Here is the realization of the four lowest energy spaces in the two pictures. Setting for 
the vacuum Hilbert space 

00 

H = Ho © H n , (H - n) H n = ( dim H = dim H 2 = 1 ) 

n = 2 

we can write down a basis in 7i 2 > ^3 and 7^4 as follows: 

0-2 |0> = ^ |0> ; 0V« 10) = VVxZa 10) (= ^VL^.a |0) ) ; 

{ 0! b 4 |0) , T 2 (0, C) |0) , 0! 2 |0) } ~ { V_% _ 2 z a z b |0) , V_% _! ^ a z 6 10> , V \ _j |0) } . 

The difficulty in describing the full state space 7i in such a manner stems from the fact that 
the modes of do not span an (infinite dimensional) Lie algebra: the commutator [0 (z\) , (^2)] 
also involves all twist 2 conserved tensors T 2 \ (z 2 , z\ 2 ) (and their derivatives in the first argu- 
ment). T 2 i (I = 0, 1, ...) together with the unit operator exhaust, in fact, the singular terms in 
the OPE (z) (w) \ 0) . The resulting commutator algebra simplifies drastically for collinear 
Zj = Q e (e 2 = 1): it then reduces to the Virasoro algebra: 

c L 
[L n ,L m ] = (n -m)L n+m + — n (n 2 - l) 5 n _ m for n (£ e ) = —Jj , L n = n (e) . 

(4.18) 
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The point is that the second argument, 212 , of T2 cancels the singular factor — ^ in the OPE in 

2 12 

the 1 -dimensional case. 

Using the orthogonality of different quasipimary fields we can produce a sample of projected 
commutation relations between <p n (z) for non-collinear arguments illustrating the appearance 
of the Virasoro subalgebra as a special case. 

To begin with we note that the vacuum OPE (|2.3| ) remains valid in the ^-picture provided 
we set 

(12) = -! (implying (12) = °- (12) 2 = ~ (z 2 )' 2 , z 2 = z 2 + z\ ) (4.19) 
z 12 z 1 

(the singularity at z 12 = being treated as a limit from the domain \z x 2 \ > \z 2 2 \ ). Using the 
knowledge of the generating function for the Gegenbauer polynomials, 

"A 



(4.20) 

and the expressions ( |1.8|) and (2.2) for 2-, 3-, and 4-point correlation functions of <fi we can 



write the term involving the central extension of the Lie algebra generated by 

(o| 2 [0 n (2),0_ n H]0_ 2 |o) = \ ' a x 



x (0| 02 \ C l n _ 2 (z-w) M z ) + ^ <^(^)0oH + ^5 <&-a(**™) j ^-a |0> 

n > 1 , (C-i = 0) . (4.21) 

The Virasoro subalgebra ( |4.18| ) is recovered for collinear arguments noting the normalization 
property for Gegenbauer polynomials: 

n + 2 A - A (2 A) n 2 



(In particular, Eq. (|4.21|) ) reproduces (|4.18|) for n + m = . 



The Lie algebra £y of the bilocal field V is much simpler to describe. The modes V nm of V 
satisfying fl4.15|) and the unit operator span by themselves an infinite dimensional Lie algebra: 

[V ni n 2 ( z lj Z V > Ki 3 n 4 \ z Zi z i)\ — 

4 nj+l 

= ° II ( Z if) 2 {^"al-l ( Z 1' Z 3) ^nal-l ( Z 2-Zi) S m ,-n 3 ^n 2 ,-n 4 + 
J' = l 

+ { z l' z i) ^\n 2 \-l ( z "2' z ?) ^n 2 ,-n 3 } e (™i) e (n 2 ) + 

_ n 1 + l _ + l 

+ ( 2 i 2 ) 2 (^s 2 ) 2 CJm 1-1 (^1-^3) e(ni) 6 ni - n3 V n2n4 {z 2 , z 4 ) + 

ri2 + l 713 + 1 

+ {4Y~ (^3 2 )~~ C in 2 hl(22-23)e(n 2 ) 5 n 2 ,-n 3 V nin4 \Z\, Z4) + 

_ ni + l 77,4 + 1 

+ (% 2 ) 2 W) 2 c jJn|-i(^i-«4)e(ni) 5 m _ n4 y n2 „ 3 (z 2 , * 3 ) + 

_ 77 2 + l _ 77,4 + 1 

+ (z 2 ) 2 (z 2 ) 2 qn 2 |-i(^2-24)e(n 2 ) S n2 ,- ni V nin3 {z u z 3 ) . (4.23) 
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It is, in fact, a central extension of the infinite dimensional real symplectic algebra sp (oo, R) . 
According to ( |4.16j ) the 0-modes belong to this algebra. The vacuum representation of £y is 
characterized by the energy positivity condition ( |4.17| ). 

The associative algebra of V nm (z, w) contains an ideal X generated by 

{ V n0 (z,w)(=V 0n (w,z)); n G Z } ( G J ) . (4.24) 

which annihilates all states in the vector space Tiy spanned by polynomials in V- n ^- m (n, m G 
N) acting on the vacuum. Although I may well be represented non-trivially in other sectors 
of the theory it is natural to work with the factor algebra By in the vacuum sector. Indeed, By 
can be identified as the operator algebra, generated by the bilocal field V , acting (non-trivially) 
in Tiy . The relative simplicity of the operator algebra By in Tiy stems from the fact that the 
modes V nm (z, w) (n ^ 7^ m) are (homogeneous) harmonic functions in z and w- see ( |4.15| ). 
It follows from our analysis of the mode space of the free field if (z) tj licit ^72,771 

(z, w) span a 

space of dimension n 2 m 2 except for the diagonal, n = m , for which the symmetry of V implies 

n 2 + 1 N 



that the dimension of the space is , 

The modes V nm are eigenvectors of the Cartan elements 

= i J^-MK^^^-l) d 4 «, (u 2 = u 2 + u 2 4 ), I EN. (4.25) 

(Parametrizing u G S 3 by u = (sin if) sin 9 cosy?, sin ip sin 8, simp cos 6, cosip) we can replace the 
volume element 6 {^/v? — 1^ d 4 u by sin 2 i/j sin 9 dip d6 d(p , < ip < tt , < B < 7r , < cp < 2>k ; 
the normalization factor ^2 fixes the integral (of 1) over S 3 to 1 .) We have, in particular, 

{hi - 5 lm - 5 ln ) V- n ,- m (z,w) I 0) = (for n, m G N) . (4.26) 
In deriving this property one uses the relation 
I 

2^2 

It follows that the conformal Hamiltonian H defined in ( |4. 12| ) can be written in the form 



CjLi (w-u) C£_! (u-z) 5 (v^ 2 "- l) d 4 u = b ln Cl_ x (w-z) . (4.27) 



00 



H = } I hi . (4.28) 



1 = 1 



5 Unitary vacuum representations of £y 

We begin by introducing an antiinvolution in By and the associated inner product in 7i . 
We define a star operator in the algebra of modes setting 

V nm (z, w)* = V- m ^ n (w, z) (= V^ nt - m (z, w) ) for z, w G M , (5.1) 

so that V (z, w) * = V (z, w). 

Remark 5.1 The antiinvolution ( |5.1|) involves a correspondence between homogeneous har- 
monic functions of degree n — 1 and —n — 1 . If we write, for n, m > , 

V„„,_ m (Z, W) = V_ n _ m Z bl ... Z hn _ x W ai ... 
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then we shall have 

y ( z w \* = y ( w z ) = 1 ya 1 ...a m - 1 ,b 1 ...b n - 1 W *m-i £&i fV-i 



w 2 z 2 mn w 2 w 2 z 2 z 2 



where both V- ni _ m and V nm are symmetric traceless tensors of rank (n — 1, m — 1) (with respect 
to the indices a, and bj , separately). 

We shall call a Hilbert space (7i) representation of £y unitary if the (positive) scalar product 
in 7i and the conjugation (|5.1|) in £y are related by 



($, X*) = *) for every X G £y , $, * G ft F , (5.2) 

where 7i F is the dense subspace of finite energy vectors of Ti which belongs to the domain of 
any X in £y . 

One can introduce a (not necessarily positive) inner product ( , ) in Tiy satisfying ( |5.2[ ) 
defining the bra vacuum by conditions conjugate to ( |4.17| ): 

(0| V nm = unless n > and m > , (5.3) 

and assuming (0 1 0) = 1 . The main result of this section is the following characterization of 
the unitary vacuum representation of £y . 

Theorem 5.1 The inner product in TCy , defined for a (normalized) vacuum vector satis- 
fying Q4.17D and (|5.3| ) and for V nm (z, w) obeying fl4.23|) , is positive semidefinite iff c G Z + 



= {0, 1,2, ...}. 

Proof. Fix a unit vector e G S 3 and consider the 1-dimensional subalgebra £y of £y 
generated by 

v nm ■= V nm (e, e) G £y C £y , n, m G Z , e 2 = 1 . (5.4) 

It follows from ( |4.23| ) and from (|4.22|) that v nm satisfy the commutation relations of the modes 
of a 1-dimensional (chiral) bilocal current: 

[ ^nirni j V U 2m2 ] C7l\ TTl\ \$n\, — ni ^mi, — mi ^m, — mi ^mi, — 712) "I - 
"I - ^1 (^ni , — n2 "mim2 "I - — mj. Vm±n2 ) "I - 

"I - ^1 (^mi , — 712 ^nim2 "I - ^mi , — 7712 ^711712 ) • (^-5) 



Lemma 5.2 There is a vector \ A n ) G TCy whose norm square is a multiple of 

c(c-l) ... (c-n + 1): 







«12 • 


• v ln 


(An| = ^ <0| 




^22 • 


■ v 2n 


n! 












Wn2 • 


Vnn 



(A n \A n ) = || | A n )|| 2 = (n + 1)! c(c-l) ... (c-n + 1) . (5.6) 
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Proof. It follows from (|5.5|) that the norm square of a polynomial of degree n in vja is a 
polynomial of degree (not exceeding) nine. We shall demonstrate that (A n | A,„) vanishes for 
integer c in the interval < c < n . To this end we note that if c is a positive integer and J m , 
m G Z are c-dimensional operator valued vectors J m = {J % m1 i = 1, c} satisfying 

[ J m > J i] = m5 mi - n 5ij , m, n G Z , i, j = 1, c , (5.7) 
then the normal products 

c 

=:^.J TO := £ :J/J m : (5.8) 
i = i 

satisfy the commutation relations (|5.5| ). If c < n then det (fy) i $ 3 - = i n appearing in the 
definition of (A n | , which is the Gram determinant of the scalar products of n vectors in a 
c-dimensional space, should vanish. The coefficient (n + 1)! to the leading (nth) power of c is 
computed as a sum of norm squares of terms entering the expansion of the determinant; for 
instance, for n = 4 we have 

hm (A 4 |A 4 >) = ^ {||(0|Vn ... K 44 || 2 + 6 ||<0| V? 2 V 33 V M \\ 2 + 

+ 4||(0|y 12 y 23 Vi3^44|| 2 + 3 11(01^^ || 2 + 

+ 3 ||2 (01^2^23^34^4 || 2 } = 

= 2 4 + 6x8 + 4x8 + 3x4 + 3x4 = 120 ( = 5!) . 



Remark 5. 2 The Lie algebra Ly of bilocal modes, characterized by the commutation relations 
( |4.23| ) has a reductive star subalgebra U.^ (with no central extension) generated by V- n , m (z, w) , 



n, m G N : 

[V- ni , mi (z\, Wi) , V- n2>m2 (z 2 , w 2 )\ = 

(Zl, w 2 ) C m2 _l (^'^l) ^m2tii ^— n.2, mi (^2, ^i) , 

(2f = w/=l) (5.9) 



with a central element 



■DO 



Cl = ^ /in , (5.10) 



n = l 



where h n are the Cartan operators (|4.25|) . We have 



V-i, m {z, w),Cx] 
1 



2tt 2 



-ICl^z-u) V- l>m (u,w)} 5(V^-l) d 4 M = , (5.11) 



17 



where we again used the relation (|4.27|) . Woo contains what could be called the Cartan subalgebra 
of Ly spanned by the elements VL n>n (e, e) for n e N , e 2 = 1 (including ^ ( |4.25Q ). £y 
is compounded by , the unit element and by a pair of conjugate abelian subalgerbas £^ 
(which are U.^ modules), spanned by 

£ + D { y_ n ,_ m (2, w) } , £T D {V nm (z, w) } , n, m e N . (5.12) 

£ + consists of positive, £~ , of negative root vectors with respect to the Cartan elements hi 

[ h , V TritTm (?, W) ] = ± (5/ n + 5/ m ) V T n, T m (£, w) . (5.13) 

The commutators between elements of £~ and £ + belong to U cl . The operator 

OO p p 

C2 = 2 ^ V^. m (v } u)V mn (u,v) 5^-1^ S^-l) d\d% (5.14) 



n, m = 1 



commutes with and should have a positive spectrum in any unitary representation of £y . 
The counterpart of C 2 ( |5.14| ) for the subalgebra £ y , 

Co — ~ / , "-n,-m"ran (5.15) 

2 z — ' nm 

n, m > 1 

has its minimal eigenvalue in the subspace 

Hi n) = { P n (u_fc, _i) I 0) ; P n homogeneous of degree n in V- K -i } 
on the vector | A n ) (conjugate to) Q5.6|): 

C 2 e |A n ) = n(c-n + 1)| A n ) , [C| - n(c- n + 1) ] >0. (5.16) 

We have, for instance, 

(C|-n[c + 2(n-l)]) ^ fc ,_ fc |0> = = (C 2 e -nc) v_ 2 „,_ ( 2n-i) • • • t>-2,-i| 0> . 



It follows from Lemma 5.2 that there exist negative norm vectors unless c is a positive 
integer. To prove that for c G N the vacuum representation of £y is indeed unitary it suffices 
to note that in this case V can be written in the form 

c 

V{z 1 ,z 2 ) = ^2 ■ i Pi{zi) l Pi{z2)- ■ (5.17) 
i = i 

where tpi are mutually commuting free zero mass fields and to recall that a system of free fields 
satisfies all Wightman axioms (including positivity). □ 

We have established on the way the following result (as a direct consequence of Lemma 5.2). 
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Proposition 5.3 The vacuum representation of the infinite dimensional Lie algebra £ v of 
the 2- dimensional {2D) bilocal chiral field 



— V v nm z- n w- m , z,weC (b.ll 



Z W 

n,m£ 



whose modes satisfy ( |5.5|) {and v mn | 0) = unless m < and n < 0) is only unitary for 
positive integer c. 



This is an analogue of Kac-Radul theorem |14] on the unitary representations of the W 



l+oo 



algebra. It is clear that the algebra of the 2D stress tensor 

T{z) = 1 -v{z,z) = ^L^— 2 , (5.19) 



2 

n £ ! 



i.e. the Virasoro algebra (f4.18p - is a true subalgebra of £ v since it admits unitary repre- 



sentations for all c > 1 as well as a discrete series for c = c n = 1 — ( n+1 )( ra+2 ) ( n = 1; 2, ... , 
the unitary Virasoro module Ti Cn being the quotient space of the corresponding lowest weight 
module with respect to a singular vector at "level" (= eigenvalue of L ) n {n + 1) ). 

The situation is different for D = 4 since V {z, w) is harmonic in each argument in that 
case. Due to Corollary 2.4 the algebra By is then not bigger than the original OPE algebra of 
6 so that the result of Theorem 5.1 extends to it. 



Corollary 5.4 Under the assumptions of Proposition 2.3 it follows from Theorem 5.1 that 
the quantum theory of the field <j) with truncated n-point function ( |2.12j ) satisfies Wightman 
positivity iff c is a natural number {in which case <p belongs to the Borchers' class of a set of 
free fields). 



6 Extensions of the results. Concluding remarks 

The preceding results - and methods - apply to fields of higher dimension and arbitrary tensor 
structure. We shall establish important special cases of the following 

Conjecture. If a neutral tensor field of integer dimension has truncated n-point functions 
which are multiples of the corresponding correlators of normal products of (derivatives of) free 
fields for n < 6 , then Wightman positivity implies that the proportionality constant is a positive 
integer. {As indicated in Sec. 2, for d = 2 the statement follows from the expression for the 
A-point function.) 



Our first example is a conserved current whose (first five) truncated correlation functions 
are obtained from those of the current of a system of 2-component spinors, 

J M (x; c^) = 22 : i>j( x ) v^^Pj^)'-, {-°°) = &o = 1 = 0o, a 3 = -a 3 = -Oj , 

3 = 1 

(6.1) 
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by substituting the positive integer by an arbitrary real number. Here ipj are mutually 
anticommuting free Weyl fields: 

<0|Vi(*i)V£(*2)|0) =6 jk S{x 12 ), S(x 12 ) =id 2 (12) = i-~iL_, (6.2) 

and we have used the conventions 

d 2 = a ll ^— (x=vO, ^^ + ^^ = -2^. (6.3) 

CX 2 /i 



Introducing the spin-tensor components of the current 

' T " J " ' ' ^ 



■7 (*) (= ^ (a:) ) = ~ ( = (x) ^ (*):)■ (6.4) 

i=i 

we can write 

(°l J «iP\ (^l) J a 2 /3 2 (^2) |0) = C^S aif j 2 (x 12 ) *^ ia2 (X 12 ) = 

= C ^ [ S *i02 M 5 a 2 A ( X 12) " '4^3^ } > ( 6 - 5 ) 

•^ft J « 2 /3 2 ( x 2) - (0| (xi) J a2/ 3 2 (x 2 ) |0) = *5^ iaa (x 12 ) V; i/3a (x 1; x 2 ) + 

+ ^ Q1 ^ 2 (su) V^ iaa (xi, x 2 ) + :J ai 1 (xi) J a2/ 3 2 (x 2 ) : , (6.6) 

where S ( V ) stands for the transposed of S 1 ( V ). Multiplying both sides by p\ 2 x^ 02 and 
setting 

W ai01 (x l5 x 2 ) = Pl2 xt* {^A (*i) -^A fo) - (0| J Q1 ^ (*i) J Q2 , 2 (x 2 ) |0)} 

(6.7) 

we obtain 

W ai p\ ( x h x 2 ) = VaiPi ( x ii x i) + % iai (^l, x 2 ) + : J ai 1 (xi) tr (X12 J (x 2 )) : (6.8) 
where the bilocal field V satisfies 

(0| V ailk (x x , x 2 ) V a202 (* 3 , x 4 ) |0) = (x 14 ) *S Aoa (la) • (6.9) 

It follows from (6.91) that 



dS ai V n/k (*i, x 2 ) = = V ai0i (x h x 2 ) JL- (6.10) 

As a result V a p and the normal product of J appearing in the right hand side of ( |6.9| ) can be 
determined separately and we can prove as in Sec. 5 that c$ (c^ — 1) . . . (c^ — n + 1) > for 
n = l,2,.... 

As a second example we consider the Lagrangean density 



£f(x) =~\jt ■■ F J( X ) F r( x )-- (cjp G N) (6.11) 



0=1 

20 



and the associated analytic continuation of truncated Wightman functions to arbitrary positive 
real Cp . The truncated n-point function of Cp can again be written as a sum of \ (n — 1)! 
1-loop graphs, the propagator associated with a line joining the vertices 1 and 2 being 

^A 1Ml A 2At2 O12) = 7 \d Xl (<9 A2 ?W 2 - d»2 ^iA 2 ) - <9 M i (^a 2 V\in2 ~ d»2 Vxi\2)} ~r\ — = 

4 1. J 41 P12 

_ r Xl x 2 (xi 2 ) r MlM2 (zig) - r AlM2 (x 12 ) r MlAa (g 12 ) 

47rV U ' 1 j 

This expression for the propagator also enters the OPE of two £'s (together with a tensor 
valued bilocal field): 

(0| Cp(x 1 )Cp(x 2 ) = (0| {2c F P A ^ lA ^ 2 (x 12 ) 2? AlwAaw (i u ) + 

+ I? Al Ml Aa M2 (x 12 ) V Al M a 2 M2 (xi, x 2 ) + : £ F (xx) £ F (x 2 ) : } , 
2P AiwA2M2 Pa iW a 2W = -^-4 • (6.13) 

For c G N , V has a realization as a sum of normal products of free Maxwell fields: 

^Ai mi a 2 fj,2 (xi, x 2 ) = :F x a llxl ( Xl )F x a 2lX2 (x 2 ): . (6.14) 

The OPE ( |6.13| ) allows to compute the truncated 4-point function of Cp which appears as 
a special case of the 5-parameter expression W 4 * (d = 4) computed from Eqs. J1.4Q — (|1.7|) : 

w|(4) = 3 1 3 1 4 3 {coii+vt + vD+ct {vi + V2 + vt + vt + vim {vl + v 2 )) + 

P12 P23 P34 Pu k 

+ c 2 {vl + vl + vl + r)l + vl vi {m + m)) + 

+ h r)i rj 2 (l + r]l + rjl) + b 2 rj 2 (771 772 + 771 + r7 2 ) J 
= coi for i — 0, 1, 2 ; 6j = ci, for z = 1, 2) . (6.15) 

Indeed the contribution Wd of the box diagram (computed by using formulae for traces of 
products of r^ u given in Appendix B), 

wo = C fp a v™ (*^) p A,r 4 »A,r' fe) d\ a *„ (134) = 

^(12) (23) (34) (14) + +3L _ 2 _2 + _2\ 

/012P23P34P14 V ^2 7/1 ??2 ??2 771 771772 / 

which enters the expression for the truncated 4-point function of C (x) 

W 4 * = (1 + s 12 + s 23 ) W n x 2 , x 3 , x 4 ) = 

= W n (xi, X 2 , X 3 , X4) + Wn (x 2 , Xi, X 3 , X4) + W n (xi, x 3 , x 2 , x 4 ) (6.17) 

fits the expression ( |6.15| ) for 

c = c 2 = 61 = -- ci = ^ , 6 2 = 0. (6.18) 



21 



The first local field in the expansion of V around the diagonal is the stress energy tensor: 



Tt = ~ A V^ KX (*, x) *"„ - V\ u (x, x) = -C (x) % - V\ v (x, x) . (6.19) 

Conversely, the bilocal tensor field V Xl ^ 2 (x lt x 2 ) (= -V" 1 ^, (x u x 2 ) = -V Xl ^ 2 \ 2 (x 1 , x 2 ) ) 
appears in the OPE of two and can be determined from it in two steps. First, one derives 
the formula 

(0| V\^ 2 (x u x 2 ) (*s, x 4 ) |0) = c F V x ^ x ^ (x 13 )V X2 , 2MfM (x 24 ) + 

+c F V x ^ 4 (x 14 )V X2 X ^(x 23 ). (6.20) 

and deduces from it that V ^ (xi, x 2 ) satisfies in each argument the free Maxwell equations. 
Secondly, one uses this fact to single out the contribution of V in the OPE of two T's. Once 
more Wightman positivity implies cj?6N. 

Remark 6.1 The use of different notation, c ( = c^) and cp for the constants multiplying 
the truncated functions of normal products of the free fields , ip and F^ u , respectively, is 
justified by the fact that they correspond to (and exhaust the) different tensor structures in 
the general conformal invariant 3-point function of the stress energy tensor . 

At the same time the 4-point functions of the conserved current J M and £ (x) involve 
structures which cannot be reduced to normal products of free fields. If, for instance, b 2 ^ in 
( |6.15| ) the 3-point function of C (x) won't vanish (unlike the case of superposition of type ( |6.11| ) 



of normal products of free Maxwell fields). More generally, we have a 4-parameter family of 
admissible 4-point functions of L (x) obtained from Eq. ( |6.15p with the restriction 

c 2 = -c - ci(^ 2 c ) (6.21) 

coming from the requirement that no d = 2 field appears in the OPE of C(xi)C(x 2 ) (and 
that the stress energy tensor is present in this OPE). They are only compatible with 3-point 
functions of T of the type Q6.19Q (i.e. with the third of the three admissible structures in this 
3-point function given in |]3*2"|| - cf. Remark 6.1). 

To summarize: looking for a 4-dimensional RCFT beyond the Borchers' class of free fields 
we have excluded the theory of a bilocal field of dimension (1, 1) and have come to the fol- 
lowing problem. Assume that the only local fields in the observable algebra, satisfying GCI, 
of dimension d < 4 are the (conserved traceless) stress energy tensor T^ u (x) and a scalar field 
C(x) of dimension 4 (playing the role of an action density). The problem is to construct an 
OPE algebra consistent with the n-point functions of these fields for n < 4 that would allow 
to compute higher point correlation functions and to implement the condition of Wightman 
positivity. This example is attractive because the dimensions of the basic fields C and T^ u 
are protected. Moreover, in any renormalizable quantum field theory one can define a (gauge 
invariant) local action density and a stress energy tensor. 
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Appendix A Proof of Proposition 3.1 



We shall first compute the sum in the right hand side of (|3.8|) for 

PlA — Pl3 P24 — P23 



P34 — , 2X y -X34 



(1 - a)pu + ap 13 (1 - «)P24 + "P23 
Pu P23 - P13 P24 -e 



[(1 - a) p M + a pi 3 ] [(1 - a) p 24 + a p 23 ] 



P13P24 V 2 
X y 



a + (1 — a) 



P13 



P24 



Pl2 



V ' P13 



P24 



(A.l) 



and then use the result to give a general proof of Proposition 3.1. According to (A.l) we have 



lim (p3tX*) 1 CUX y -x 34 



/21 



ar+fl-or)^ 

V ' Pl3 



2/ 



Conformal invariance allows to send x\ to infinity setting 



P14 
P13 



1 -a + a^- 

P24 

, 1 P23 



21 ■ 



P24 



1 — e thus reproducing 



the right hand side of ( |3.11| ). Taking the sum in / we reduce the proof of ( |3.11| ) to verifying the 
identity 



. :i~ea) [(l-6«) 2 + e 2 a 2 (l-<] J_ 
(l-ea 2 )(l-2ea + ea 2 ) a 1-e 



(A.2) 



which is straightforward. 

It is also instructive to compute the individual terms in the right hand side of ( |3.11| ) which 
correspond to the contribution of twist 2 fields to the OPE. Using Euler's integral representation 
for the hypergeometric function we find 



1 + 



1 



1-e 



2£ 



1 = 



21 



e 2l F(2l + l, 2/ + 1; 4/ + 2; e) 



(A.3) 



Each F (21 + 1, 21 + 1; 4Z + 2; e) is, in fact, an elementary function. In particular, the first two 
terms which provide the contribution of the original field <fi and of the stress-energy tensor T 2 
to the OPE can be written in the form 



f (0| V (xi, x 2 ) 4>{x A + a x 34 ) | 0) , 
J c(13)(24) a 



2F(1, 1; 2; e 



P34 =0 



23 



2 , 1 

- In = 2 

e 1-e 



2e T 



t 

— - , 

n+1 



n = 2 



2d 



^(xi, x 2 )T 2 (x 4 + a%, x 34 )| 0) 
c(13) (24) 



da 



60 

"^2 



--1 + -) InJ--l + i 

e 6/ 1-e 2 



P34 =0 
2 



3-^(3, 3; 6; e) 



1 e (4) w _ t (5) n _ 2 e» 

9 ^ (3) n _2 (7)n-l 



3 2 



n = 2 



(A.4) 



Proceeding to the general case (p 34 7^ 0) we shall use the following generalization of ( |A.3| ) 
(see [|TU[ ) . Exchange the conformal cross ratios ( |1.5| ) ( |3.9| ) with the variables 77 end 77 related to 
771 and e by 

7777=771, 77 + 77 = 6 + 771, ((1 -77) (1 -77) = 772) . (A.5) 
(We note that for space-like a^- the variables 77 and 77 are complex conjugate to each other.) In 



terms of these variables we can write (see Eq. (3.10) of |10 



2 r 
— (4/ + 1) / da a 21 (1 - af £ 



00 1 _ <*(!-") 



P34 D < 



P34 (^j) + C^yXy-XU 



„_„ - ! (2/ + l)„ 
• 4Z \-i^+i F(2/ + l, 2/ + 1; 4/ + 2; 77) - 7f +1 F(2/ + l, 2/ + 1; 4/ + 2; 77) 



2/ 



77 — 77 



(A.6) 



We can sum up these expressions applying ( |A.3|) ; as a result the 77!-dependent terms present 
for each I cancel and we end up with 



77 — 77 



x 



x 



00 ^ , ; \ 

(21) F{2l + l, 2/ + 1; 4/ + 2; 77) - ff l+1 F(2l + 1, 21 + 1; 4/ + 2; 77)} 

1 — n \ / 



77 — 77 



V _ V 

l— 77 l— 77 



(1-77) (1-77) 



1-e 



(A.7) 



This completes the proof of Proposition 3.1. □ 



Appendix B Traces of products of r^ v (x) 

We shall compute the trace of the product of tensor structures that appears in the numerator 
of the box diagram with propagator ( |6.12D : 

B = f\% 2 (X12) /X (X34) /X , 

/ V AV M = r V ^ - T \> (*) r V (*) , (B.1) 

establishing on the way some useful properties of products of r M „ (x) = 8^ — 2 -^rrf^ (|3.4j ) (of 
different arguments) which appear in correlation functions of tensor fields. 
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We shall use repeatedly the triple product formula of 



r (x 12 ) r (x 23 ) r (x 13 ) = r (X 23 ) , i.e. 
r\ (x 12 ) r% (x 23 ) r T „ (x 13 ) = r* (X 23 ) , X 23 



Xl3 X 12 



Pl3 Pl2 

Using the identity r (x) 2 = 1 we find 

#(^12, ^23, ^34, x i4 ) := r(xi 2 ) r(a; 23 ) r (x 34 ) r^) = 

= r (£12) r (x 23 ) r (x 13 ) r (x 13 ) r (x 34 ) r (x M ) 
= r(X 23 ) r(X 34 ) , 

where X 34 = X 3 1 4 = - 21a ( c f. (gj)). Using further the relation 



x 2 1/ 2 



tr i?(xi2, x 23 , x 34 , x u ) 



tr (x) r (y)j ( = 4 
we deduce (for 77^ given by ( |1.5[) ) 



+ L> - 4 



4^1 for D = 4 



x 2 1/ 2 



(2X 23 -X 34 ) 2 (l- Vl -r] 2 f 



y 2 y 2 
^23 ^34 



?7l f]2 



A simple algebra allows to reduce B ( p.l|) to the difference 

B = 8 I trR(x 12 , x 23 , x u , xu) - tr ^[i?(x i2 , x 23 , x 34 , x M )] 2 ) j . 



The second term is computed using once more 

tr ( [R(x 12 , x 23 , x 34 , x u ) ] 2 ) = tr (V (X 23 ) r (X 34 ) r (X 23 ) r (X 

= tr / r T 



34 ) 



Pl2 ^14 — Pl4 ^12 Pl2 %13 — p\ 3 X\ 2 



pIa 



P 2 23 



X 



/ Pl3 ^14 - Pl4 X13 Pl 2 Xu - PlAXl 2 \ 

X r 2 + 2 

V P34 P24 / 

\2 



{l-2r ll -2i l2 + ri 1 1 +riY 



Inserting finally ( |B.5| ) and ( |B.7| ) we find 



B 



32 
Vi V2 



(l - 2 - 2 772 + r\\ + t? 2 + 771 t? 2 ) 
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